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Abstract
Let G be a finite group of automorphisms of a non-solvable Lie algebra L of finite dimension
over a field of characteristic zero. This paper is concerned with the relationship between the structure
of G and that of L. By imposing the condition that the fixed-point subalgebra of each non-identity
element of G is solvable, we are able to determine the structure of the group G and that of the quotient
algebra of L by its solvable radical, Solv(L), except when G is a group of odd order in which every
Sylow subgroup is cyclic and the center is non-trivial. In this case there exists an element x ∈ L,
x /∈ Solv(L), which is fixed by every element of G of prime order. We note that the imposed condition
is satisfied by every finite group of automorphisms of a three-dimensional simple Lie algebra, regular
groups of automorphisms of a non-solvable Lie algebra which are abelian of type (p,p), p prime,
and by the center of a finite group of automorphisms of a semisimple Lie algebra without proper
semisimple invariant subalgebra. We exhibit several examples of groups satisfying that condition.
Also, we give some results relating the structures of G and L in more general cases.
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Let G be a group of automorphisms of a Lie algebra L of finite dimension over a
field k. We are concerned with information which can be obtained about the structures
of G and L by imposing conditions on the fixed-point subalgebra of the elements of G.
It is well-known that if G is cyclic and its fixed-point subalgebra, LG, is trivial then L is
solvable (Borel and Mostow [3], Kreknin [11], Winter [17]). A group G such that LG = 0
is said to be regular. In the literature there are many generalizations of regularity. For cyclic
groups G, there are considered the cases when LG is contained in the center of L [1], in
the hypercenter of L [2] and when dimLG < ∞ see [12]. We are concerned with finite
(not necessarily cyclic) groups G. The earlier cited result cannot be extended to non-cyclic
groups, since the simple Lie algebra Ap−1 of matrices p × p of zero trace, p a prime,
admits a regular group of automorphisms which is an elementary abelian p-group of type
(p,p) (see [3]). In [15], locally solvable Lie algebras admitting a regular four-group of
automorphisms are studied. A stronger condition than regularity is that the fixed-point
subalgebra of each non-identity element of the group G be trivial. In this case, it is well-
known that every subgroup of G of order pq , p, q are (not necessarily distinct) primes, is
cyclic. This result is true in the more general context when G is merely a group of linear
automorphisms of a vector space (see Huppert [8, Hilfssatz 8.12]), and implies strong
restrictions on the structure of G. We recall that this is the case when G is a Frobenius
complement in a Frobenius finite group (see [8, p. 506] and [12, p. 217]). Borel and Mostow
[3, Proposition 4.3′] considered the case when L is semisimple, k has characteristic zero,
G is abelian, finite and regular, but none proper subgroup of G is regular, and G has no
proper semisimple invariant subalgebra. They obtained that the group G is of type (p,p),
where p is prime, and dimL  p2 − 1. However, Chevalley pointed-out that the proof
given in [3] is only valid when k is algebraically closed (see M.R.16,897d 09,1X). We
will replace the assumption that G has no proper semisimple invariant subalgebra by the
weaker one that the fixed-point subalgebra of each non-identity element of G is solvable,
which is insensitive to field extensions. On the other hand, it is well-known that if G is
completely reducible, L is reductive and if k has characteristic zero, then the fixed-point
subalgebra of G is also reductive (see Chevalley [5, p. 292]).
In this paper we consider the case when the fixed-point subalgebra of each non-identity
element of G is solvable, G is finite, L is not solvable and k has characteristic zero. Such
a group G will be called fixed-point-solvable (abbreviated f-p-s). We are able to determine
the structure of such a group G. Moreover, we obtain that the quotient algebra of L by
its solvable radical, Solv(L), is a form of a direct sum of copies of the simple Lie algebra
Ap−1, being p the smallest prime divisor of the order of G, except when G is a group
of odd order in which every Sylow subgroup is cyclic and the center is non-trivial. In
this case the fixed-point subalgebra of I (G) is not contained in Solv(L); being I (G) the
subgroup of G consisting of the elements of G that induce an invariant automorphism on
L/Solv(L). The subgroup I (G) of G will play a central role in this paper. We will see that
I (G) contains every element of G of prime order.
The case where LI(G)  Solv(L) is studied in Section 4. The structure of the group G
is determined in Theorem 1. We obtain that I (G) is cyclic and therefore G has just one
subgroup of order p for each prime divisor p of the order of G. In Proposition 4.2 we
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Surprisingly, we see that the impact on the group G is even stronger than in the before cited
case where the fixed-point subspace of each non-identity element was zero. Our condition
forces the solvability of the group. If |G| is even, then the Lie algebra L/Solv(L) is a form
of a direct sum of three-dimensional simple Lie algebras. If |G| is odd, then every Sylow
subgroup of G is cyclic and Z(G) = 1. On the other hand, we add some information on
the structure of a solvable Frobenius complement in a finite Frobenius group to that given
in [16], see Proposition 4.2 and Corollary 4.3.
The case where LI(G)  Solv(L) is studied in Section 5. We prove in Theorem 2 that
either L is solvable or L/Solv(L) is a form of a direct sum of copies of the simple Lie
algebra Ap−1, being p the smallest prime divisor of the order of G. Moreover, we obtain
that the Sylow q-subgroups of G are cyclic for every prime q distinct from p while the
Sylow p-subgroups of I (G) are either cyclic, elementary abelian of type (p,p) or dihedral
groups. Furthermore, we obtain that G is a group of one of the following types:
(1) a Frobenius group whose Frobenius kernel is cyclic of odd order and a Frobenius
complement is either a cyclic p-group or a generalized quaternion;
(2) a semidirect product of a cyclic group 〈a〉 (possibly trivial) of order prime to p by a
p-group P such that Ω1(P ) is either elementary abelian of type (p,p) or a dihedral
group of order 2n, n 3, and C〈a〉(U) = 1 for every abelian subgroup U of P of type
(p,p);
(3) G/I (G) is a 2-group and I (G) ∼= PGL(2, r) or PSL(2, r), where r is an odd prime
such that r − 1 = 2n, n 1.
As a consequence of Theorems 1 and 2 we obtain that a finite group G of
automorphisms of a three-dimensional simple Lie algebra is of one of the following types:
(i) a cyclic group;
(ii) a Frobenius group whose Frobenius kernel is cyclic of odd order and a Frobenius
complement is cyclic of order a power of 2;
(iii) a semidirect product of a cyclic group 〈a〉 (possibly trivial) of odd order by a dihedral
group D of order 2n, n 2, such that every four-subgroup of D acts on 〈a〉 without
fixed-points different from the identity;
(iv) G ∼= PGL(2, r) or PSL(2, r), where r is an odd prime such that r − 1 = 2n for some
n 1.
Also, by using Theorems 1 and 2 we obtain some information on the structure of any
regular group G of automorphisms of a semisimple Lie algebra L such that G has no
proper semisimple invariant subalgebra and LT = 0 for every 1 = T < G. In particular,
we obtain that either the center of G is cyclic or G is an elementary abelian p-group of
type (p,p) and L is simple and a form of a direct sum of copies of the simple Lie algebra
Ap−1. This extends the before cited result of Borel and Mostow.
In Section 2, we give several results, most of which will be used in the proof of The-
orems 1 and 2, concerned with the relationship between the structure of the group G and
that of the Lie algebra L in the general case. In particular, we obtain that if L is reductive
and G is any cyclic group of prime order, then the centralizer in L of LG is the sum of the
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result that a Lie algebra admitting a fixed-point free automorphism of finite order is solv-
able. We prove that if G is cyclic, generated by σ , and if G is f-p-s, then some root of the
characteristic polynomial of σ is a primitive nth root of unity, being n the order of σ . More-
over, we show that every completely reducible group G of automorphisms of a non-abelian
reductive Lie algebra L such that LG = 0 leaves a regular element of L fixed. This was
proved by Borel and Mostow [3, Theorem 4.5] for cyclic groups. Then we show that if L is
central-simple and LG = 0, then G is solvable (assumed that G is completely reducible).
Section 3 deals with non-cyclic groups G of automorphisms of a semisimple Lie
algebra L, all of whose proper subgroups are cyclic. When G is an elementary abelian
p-group of type (p,p), we prove that LG = 0 if and only if G is f-p-s. When G is a
semidirect product of a cyclic group of prime order by a cyclic group of prime order p,
we prove that LG = 0 and L is a form of a direct sum of copies of Ap−1, provided that
G is f-p-s. If G is not f-p-s, G has no proper semisimple invariant subalgebra and if the
ground field is algebraically closed, then |G| is odd, L is a direct sum of p copies of A1
and dimLG = 1. When G is either the quaternion group or a semidirect product of a cyclic
group of prime order by a cyclic p-group of order greater than p, we obtain that LG = 0
under the assumption that G is f-p-s.
In Section 6, we show that every non-cyclic group G of order pq , p, q primes, happens
as a f-p-s, regular group of automorphisms of a semisimple Lie algebra. In case of |G|
odd, we show that G also occurs as a non-(f-p-s), non-regular group of automorphisms
of a semisimple Lie algebra having no proper semisimple invariant subalgebra. Also,
we show that the quaternion group, the symmetric group of degree 4, the alternating
group of degree 5 and the dihedral group of order 2n, n  3, happen as f-p-s groups of
automorphisms of semisimple Lie algebras. Moreover, we show that the group of order 27
and exponent 3 occurs as a regular group of automorphisms of the Lie algebra A2.
Throughout this paper L will denote a finite-dimensional Lie algebra over a field k of
characteristic zero. Notation is standard. The group of automorphisms of the Lie algebra L
is denoted by Aut(L). L′ and Z(L) denote respectively the derived subalgebra and the
center of L. If X and Y are subsets of L, CX(Y ) and NX(Y ) denote respectively the
centralizer and normalizer of Y in X. Similar notation will be used for groups.
Whenever A and B are groups, A×B will denote the direct product of A and B , while
A  B will denote any semidirect product of B by A. The multiplicative cyclic group
of order n will be denoted by Cn. We will denote group-commutators by {g,h}, to be
distinguished from Lie products [g,h]. If P is a p-group, we shall denote by Ω1(P ) the
subgroup of P generated by its elements of order p. SL(2, q), PGL(2, q) and PSL(2, q)
denote respectively the special linear group, the projective linear group and the projective
special linear group, in dimension 2 over the finite field of q elements. Additional notations
will be introduced when required.
2. General results
Let G be any subgroup of Aut(L). Set LG = {x ∈ L | xg = x , ∀g ∈ G}. Clearly LG is
a subalgebra of L and it is called the fixed-point subalgebra of G. If g ∈ G, we denote by
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fixed-point subalgebra of g. The image by g of a subalgebra S of L will be denoted by Sg .
In Jacobson [9] is proved that if L is a non-nilpotent Lie algebra and if σ is an
automorphism of L of prime order, then L〈σ 〉 = 0. By using a similar argument that in
the proof of [9, Theorem 1], we are able to prove that CL(L〈σ 〉) is abelian provided that L
is reductive. More generally, we prove the following
Proposition 2.1. Let σ be an automorphism of finite order n of a reductive Lie algebra L.
(1) Assume that the ground field k is algebraically closed. Let ξ ∈ k be a primitive nth
root of unity and let Lξ (σ) denote the root space of L corresponding to ξ relative
to σ . Then CL(L〈σ 〉)∩Lξ (σ) Z(L).
(2) If n is a prime, then CL(L〈σ 〉) = Z(L〈σ 〉)+Z(L).
Proof. (1) Write C = CL(L〈σ 〉). Since C is invariant under σ , we have
C =
⊕
1in
Lξi (σ )∩ C.
Clearly, C∩Lξn(σ ) = C∩L〈σ 〉 = Z(L〈σ 〉). Let a ∈ C∩Lξ (σ), b ∈ Lξj (σ ), 1 j  n. We
see (ada)n−j (b) ∈ L〈σ 〉. This yields (ada)n−j+1(b) = 0 and therefore a is ad-nilpotent.
Since ξ−1 is also a primitive nth root of unity, analogously we obtain that every element
a′ in C ∩ Lξ−1(σ ) is ad-nilpotent. As [C ∩ Lξ (σ),C ∩ Lξ−1(σ )] ⊆ [C,L〈σ 〉] = 0, we see
that [ada, ada′] = 0. So, (ada)(ada′) is also nilpotent. This yields that a lies in the kernel
of the Killing form of C, which is a solvable ideal of C (see [10, p. 70]). Since C is
reductive in L, we have that a ∈ Z(C) and a is ad-semisimple. We conclude that a ∈ Z(L)
as required.
In order to prove (2), assume that n is a prime. We may suppose w.l.o.g. that the ground
field is algebraically closed. Then, by (1) we see that CL(L〈σ 〉)∩Lξi (σ ) Z(L) for every
1 i < n. From this (2) follows. 
A subalgebra S of a Lie algebra L is said to be toral if adL x is semisimple for every
x ∈ S. Now let L be reductive. Then any toral subalgebra of L is contained in a Cartan
subalgebra of L (see [7]). A subalgebra S of L is called reductive in L if S is reductive and
its center is a toral subalgebra of L (according to [10, pp. 81, 105]). If G is a completely
reducible group of automorphisms of L and if H is a nilpotent subalgebra of L, then it is
well-known that LG, CL(LG) and the Fitting null-component L0(adH) of L with respect
to adH , are all reductive in L, see [5, pp. 292–293].
Definition 1. Let GAut(L) such that L is not solvable and G is finite. We say that G is
fixed-point-solvable (abbreviated f-p-s) if the fixed-point subalgebra of every non-identity
element of G is solvable. If 1 = g ∈ G, we say that g is a f-p-s automorphism of L when
〈g〉 is f-p-s.
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is f-p-s. When G is a f-p-s group of automorphisms of a reductive Lie algebra L, we have
that LG is solvable and reductive in L. So that LG is contained in a Cartan subalgebra of L.
Let k¯ be an algebraic closure of the ground field k. If σ ∈ Aut(L), we let σ ⊗1 denote the
automorphism of the Lie algebra L ⊗k k¯ over k¯ obtained from σ by extension of the field
k to k¯. If GAut(L), we write G⊗ 1 = {g ⊗ 1 | g ∈ G}. Clearly, G⊗ 1Aut(L ⊗k k¯).
It is clear that if G is f-p-s then G ⊗ 1 is also f-p-s. By contrast, the condition that G
has no proper semisimple invariant subalgebra does not seem to be preserved under basic
field extension. We give the following simple lemma:
Lemma 2.2. Let G be a finite group of automorphisms of a semisimple Lie algebra L
having no proper semisimple invariant subalgebra. Let K be a normal subgroup of G such
that every subgroup of K is normal in G. Then K is f-p-s.
Proof. Let 1 = T K . Since T is normal in G, we see that LT is invariant under G. As LT
is reductive, we see that the derived subalgebra (LT )′ of LT is a G-invariant semisimple
subalgebra of L. By our hypothesis it follows that (LT )′ = 0. Hence K is f-p-s. 
Let L be semisimple. Following [4], we denote by Aute(L), the subgroup of Aut(L)
generated by the automorphisms of L of the form eadx , where x is an ad-nilpotent element
of L. Let
Aut0(L) =
{
σ ∈ Aut(L) | σ ⊗ 1 ∈ Aute
(
L⊗k k¯
)}
.
Clearly,
Aute(L)Aut0(L)Aut(L).
We have that Aute(L) and Aut0(L) are both normal subgroups of Aut(L) and that Aut0(L)
is the connected identity component of Aut(L), see [4, p. 262]. It is well-known that every
automorphism of L leaving a Cartan subalgebra of L pointwise fixed belongs to Aut0(L),
see [10, p. 278]. Let σ ∈ Aut0(L). Then, it is well-known that dimL〈σ 〉  rankL, see
[4, p. 39] or [10, p. 286]. Furthermore, it is known that L〈σ 〉 contains a Cartan subalgebra
of L, see [3, Theorem 4.5 and Proposition 4.6].
Now we give the following properties of f-p-s automorphisms of a semisimple Lie
algebra:
Proposition 2.3. Let σ ∈ Aut(L) such that σ is f-p-s and L is semisimple.
(1) If σ ∈ Aut0(L), then the following holds:
(a) L〈σ 〉 is a Cartan subalgebra of L,
(b) L〈σ 〉 = L〈τ 〉, for every 1 = τ ∈ 〈σ 〉.
(2) If σ has prime order, then σ ∈ Aut0(L).
(3) Some root of the characteristic polynomial of σ is a primitive nth root of unity, being
n the order of σ .
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So, H  CL(L〈σ 〉). In order to prove (1), suppose σ ∈ Aut0(L). Then we have that
dimL〈σ 〉  dimH , see [10, p. 286]. We conclude that L〈σ 〉 = H , and (a) is proved. (b)
follows from (a) and from the fact that L〈σ 〉  L〈τ 〉 for every τ ∈ 〈σ 〉.
In order to prove (2), assume that σ has prime order. From Proposition 2.1(2) it
follows that CL(L〈σ 〉) L〈σ 〉. This yields that L〈σ 〉 = H and therefore σ ∈ Aut0(L), see
[10, p. 278].
To prove (3), we may suppose w.l.o.g. that the ground field k is algebraically closed.
Let τ , ν be elements of 〈σ 〉 of prime order such that τν = 1. We see that L〈τν〉 =
L〈τ 〉 ∩ L〈ν〉. By 1(a) and (2), L〈τ 〉 and L〈ν〉 are both Cartan subalgebras of L. Therefore,
τ, ν ∈ Aut0(L), see [10]. So, τν ∈ Aut0(L). By 1(b) it follows that L〈τ 〉 = L〈τν〉 = L〈ν〉.
This yields that
∑
1 =T〈σ 〉 LT = L〈τ 〉 and therefore there exists x ∈ L, x /∈
∑
1 =T〈σ 〉 LT
such that xσ = ξx for some scalar ξ = 1. As σ has order n, we see that ξn = 1. Suppose
that ξm = 1 for some m < n. The we see that xσm = x and 〈σm〉 = 1. It follows that
x ∈ L〈σm〉 ∑1 =T〈σ 〉 LT , which is a contradiction. Therefore ξ is a primitive nth root of
unity. This complete the proof of the proposition. 
Let L be a non-solvable Lie algebra. We shall denote by Solv(L) the solvable radical
of L and by L̂ the semisimple Lie algebra L/Solv(L). If σ ∈ Aut(L), the automorphism
of L̂ induced by σ is denoted by σˆ . If G  Aut(L), we write Ĝ = {gˆ | g ∈ G}. Clearly,
ĜAut(L̂). We will need the following very simple lemma:
Lemma 2.4. Let G  Aut(L) such that G is completely reducible and L is not solvable.
Then (L̂)T̂ = LT + Solv(L)/Solv(L), for every subgroup T of G.
Proof. We see that there exists a G-invariant vector subspace V of L such that L =
Solv(L) + V and Solv(L) ∩ V = 0. Let T be a subgroup of G and let x + Solv(L) ∈ L̂T̂ ,
x ∈ L. Let g ∈ T . We see that xg − x ∈ Solv(L). Decompose x = r + v where r ∈ Solv(L)
and v ∈ V . We see that vg − v = (xg − x)+ (rg − r) ∈ Solv(L)∩V = 0. So, v ∈ LT . This
yields L̂T̂  LT + Solv(L)/Solv(L). The reverse inclusion is clear. 
Now we are able to give an easy proof of the following well-known result:
Corollary 2.5 (Borel and Mostow [3]). Let σ be an automorphism of finite order of a Lie
algebra L. If L〈σ 〉 = 0, then L is solvable.
Proof. We may suppose w.l.o.g. that the ground field is algebraically closed. Let L be
a counterexample of minimal dimension. By Lemma 2.4, L is semisimple. Also, we see
that 〈σ 〉 has no proper semisimple invariant subalgebra of L. By Lemma 2.2 we have that
σ is f-p-s. Then, by Proposition 2.3(3), it follows that Lξ (σ) = 0 for some primitive nth
root ξ of unity. However, by using Proposition 2.1 we obtain that Lξ (σ) = 0 because of
Z(L) = 0 = L〈σ 〉. This contradiction completes the proof. 
Borel and Mostow [3, Theorem 4.5] proved that every semisimple automorphism of a
semisimple Lie algebra leaves fixed a regular element. In the following corollary we easily
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result due to Winter [18, Theorem 4.2.7]. Moreover, we include several easy consequences
of before cited results.
Corollary 2.6. Let G be a completely reducible group of automorphisms of a non-abelian
reductive Lie algebra L. Then the following holds:
(1) if LG = 0, then G leaves a regular element of L fixed,
(2) if G is cyclic, then CL(LG) is contained in a Cartan subalgebra of L,
(3) if G is f-p-s, then CL(LG) contains a Cartan subalgebra of L,
(4) if G is cyclic and f-p-s, then CL(LG) is a Cartan subalgebra of L.
Proof. To prove (1), let LG = 0 and take a Cartan subalgebra C of LG. Since LG is the
null-component of a graduation of L caused by an additive group of order 2, see [5, p. 292],
by Winter [18, Theorem 4.2.7] it follows that L0(adC) is solvable. Since L0(adC) is
reductive in L, it is toral in L. By [18, Proposition 4.3.2], there exists c ∈ C such that
L0(adC) = L0(ad c). As L0(ad c) is self-normalizing, see [18, p. 123], it follows that it is
a Cartan subalgebra of L. Hence c is a regular element of L which is fixed by G.
(2) It is clear that Z(CL(LG)) Z(LG) = LG ∩ CL(LG). Since CL(LG) is reductive,
it follows that LG ∩CL(LG)′ = 0. Clearly, CL(LG) is invariant under G. For each g ∈ G,
let g˜ denote the restriction of g to CL(LG)′. Write G˜ = {g˜ | g ∈ G}. We see that G˜ is a
group of automorphisms of CL(LG)′ whose fixed-point subalgebra is trivial. Now assume
that G is cyclic. Then we see that G˜ is cyclic too. Thus by Corollary 2.5 it follows that
CL(L
G)′ = 0. This yields that CL(LG) is toral in L and hence it is contained in a Cartan
subalgebra of L.
In order to prove (3), assume that G is f-p-s. Then LG is contained in a Cartan
subalgebra H of L. So, H  CL(LG).
(4) follows from (2) and (3). The proof is now complete. 
Now we give the following
Definition 2. Let L be any non-solvable Lie algebra. We say that an automorphism σ of L
is invariant if σˆ ∈ Aut0(L̂). If GAut(L), we write
I (G) = {g ∈ G | gˆ ∈ Aut(L̂)}.
Clearly, I (G)G. I (G) will play a central role in this paper. We will prove that if G
is f-p-s then I (G) meets every nontrivial subgroup of G. Before that we give the following
simple lemma which will be used later:
Lemma 2.7. Let L be semisimple and let GAut(L). Assume that LG contains a Cartan
subalgebra of L. Then G is abelian.
Proof. We may suppose w.l.o.g. that the ground field k is algebraically closed. Let H be
a Cartan subalgebra of L contained in LG. Let g ∈ G. Since g leaves H pointwise fixed,
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is abelian. 
The following corollary extends a result due to Borel and Mostow [3, p. 400]:
Corollary 2.8. Let G  Aut(L) such that G is completely reducible and L is central-
simple. If LG = 0, then G is solvable.
Proof. Assume LG = 0. By Corollary 2.6(1), G leaves a regular element x of L fixed.
Then we see that CL(x) LI(G), see [3, Proposition 4.6]. As CL(x) is a Cartan subalgebra
of L, by Lemma 2.7 it follows that I (G) is abelian. We may suppose w.l.o.g. that the
ground field is algebraically closed. Then we have that Aut(L)/Aut0(L) is isomorphic to
either Sym3 or C2, see [4, p. 110]. As I (G) = G∩Aut0(L), we see that G is solvable. 
The following lemma reduces the study of f-p-s groups of automorphisms of non-
solvable Lie algebras to the study of f-p-s groups of automorphisms of semisimple Lie
algebras over an algebraically closed field.
Lemma 2.9. Let GAut(L) such that L is not solvable and G is f-p-s. Then the following
holds:
(1) G ∼= ĜAut(L̂) and Ĝ is also f-p-s,
(2) G ∼= Ĝ⊗ 1Aut(L̂⊗k k¯) and Ĝ⊗ 1 is also f-p-s,
(3) I (G) ∼= Î (G) = I (Ĝ) = Ĝ∩ Aut0(L̂) Ĝ,
(4) I (G) ∼= Î (G) ⊗ 1 = I (Ĝ ⊗ 1),
(5) I (G) contains every element of G of prime order.
Proof. (1) Clearly, the map g → gˆ is a surjective homomorphism of groups from G
onto Ĝ. Let 1 = g ∈ G such that gˆ = 1. By Lemma 2.4, we see that L = Solv(L) + L〈g〉.
Solvability of L〈g〉 implies that L is solvable. This contradiction shows that G ∼= Ĝ. The
last assertion in (1) follows from Lemma 2.4 and from the fact that L〈g〉 is solvable for
every 1 = g ∈ G.
(2)–(4) are clear.
In order to prove (5), let g ∈ G have order a prime p. Then gˆ has order p too.
By Proposition 2.3(2), we see that gˆ ∈ Aut0(L̂). Hence g ∈ I (G). This completes the
proof. 
The following simple lemma allows us to reduce the study of f-p-s groups of
automorphisms G of a semisimple Lie algebra L such that LG = 0 to the case when G
has no proper semisimple invariant subalgebra.
Lemma 2.10. Let G  Aut(L) such that L is semisimple and G is f-p-s. Let S be a
semisimple proper subalgebra of L which is invariant under G. For g ∈ G, let g˜ denote
the restriction of g to S. Let G˜ = {g˜ | g ∈ G}. Then G ∼= G˜Aut(S) and G˜ is also f-p-s.
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Thus G˜ is f-p-s. Moreover we see that S  L〈g〉 since S is semisimple. This yields that the
map g → g˜ from G to G˜ is an isomorphism of groups. The proof is complete. 
The proof of the following lemma uses arguments contained in the proof of [3, Propo-
sition 4.3′].
Lemma 2.11. Let L be semisimple over an algebraically closed field k and let GAut(L).
Assume that G has no proper semisimple invariant subalgebra. Let 1 = K G such that
LK = 0. Let g ∈ Aut(L) such that G = 〈g〉K and |〈g〉| < ∞. Then the following holds:
(1) dimLK  n, where n is the degree of the minimum polynomial of the restriction of g
to LK ,
(2) if LG = 0, then LG is spanned by a regular element of L,
(3) if g is invariant, then either LK ∩L〈g〉 = 0 or LK L〈g〉.
Proof. Normality of K implies that LK is invariant under G. Decompose LK =⊕
λ∈k(LK)λ into its eigenspaces relative to g. Let 0 = x ∈ (LK)λ. As G = K〈g〉, we see
that the subalgebra kx of L is invariant under G. This yields that CL(x) is also invariant
under G. On the other hand, we see that LK is toral in L; since otherwise, (LK)′ would
be a proper semisimple G-invariant subalgebra of L, which is a contradiction. Thus adx is
semisimple. So, CL(x) = L0(adx). Therefore CL(x) is reductive in L. We see that CL(x)′
is a semisimple subalgebra of L which is invariant under G. By our hypothesis it follows
CL(x)
′ = 0. So that CL(x) is abelian. This yields that CL(x) is a Cartan subalgebra of L
and hence x is regular in L. We conclude that every nonzero element of (LK)λ is regular
in L, whence dim(LK)λ  1 (see [3, p. 397]). This proves (1) and (2).
In order to prove (3), suppose that g is invariant and that there exists 0 = x ∈ LK ∩L〈g〉.
We have proved that x is regular in L. Since g is invariant, it follows that g leaves
CL(x) pointwise fixed, see [3, Proposition 4.6]. Then we have LK  CL(x) L〈g〉. This
completes the proof. 
Let L be semisimple and k be algebraically closed. Let H be a Cartan subalgebra of
L and let Φ denote the root system of L relative to H . Let τ be an automorphism of L
such that Hτ = H . We will write ε(τ ) = (τ 	)−1, where τ 	 is the transpose in H	 of the
restriction of τ to H . We recall that if α ∈ Φ and Lα is the corresponding root space of L,
then Lτα = Lαε(τ ) , see [10, p. 276].
In the following two lemmas we obtain information on the structure of a semisimple
Lie algebra L by imposing certain conditions on an automorphism of L.
Lemma 2.12. Let L be semisimple and k be algebraically closed. Let τ be an
automorphism of L of prime order p. Let H be a Cartan subalgebra of L which is invariant
under τ and let Φ denote the root system of L relative to H . Let ε(τ ) be the automorphism
of Φ induced by τ . Assume that ε(τ ) acts on Φ without fixed-points. Then the following
holds:
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(2) if τ is f-p-s, then L ∼= Ap−1 ⊕ · · · ⊕Ap−1 and H ∩L〈τ 〉 = 0.
Proof. As τ has prime order p, we see that every orbit of the action of ε(τ ) on Φ has
size p. So, |Φ| = kp, where k is the number of orbits. Let α ∈ Φ and let α,ατ , . . . , ατp−1
be the orbit of α. Take a nonzero element x in the root space Lα of L corresponding to α.
We see that the element x + xτ + · · · + xτp−1 is nonzero and fixed by τ . We deduce that
dimL〈τ 〉 = dimH ∩L〈τ 〉 + k. This proves (1).
In order to prove (2), suppose that τ is f-p-s. By Proposition 2.3(1)(a) we have that
L〈τ 〉 is a Cartan subalgebra of L. Therefore every simple component N of L is invariant
under τ . Let τ˜ denote the restriction of τ to N . Let Φ ′ be the root system of N relative to
the Cartan subalgebra H ∩ N . We see that (1) applies and p | |Φ ′|. Moreover, since N 〈τ˜ 〉
is a Cartan subalgebra of N , we see that rankN  |Φ ′|/p. Now from the Killing–Cartan
classification of the simple Lie algebras, we see that N is isomorphic to Ap−1. Therefore
L is isomorphic to a direct sum of copies of Ap−1. Moreover, we have rankN = p− 1 and
|Φ ′| = p(p− 1). By (1) again, it follows that H ∩N 〈τ˜ 〉 = 0. This yields that H ∩L〈τ 〉 = 0.
The proof is now complete. 
Lemma 2.13. Let GAut(L) such that G is f-p-s, |G| is even and L is semisimple. Then
L is a form of a direct sum of copies of the simple Lie algebra A1.
Proof. We may suppose w.l.o.g. that the ground field k is algebraically closed. Let τ be
any involution in G. By Proposition 2.3(1) we have that L〈τ 〉 is a Cartan subalgebra of L.
Let N be any simple component of L. We see that L〈τ 〉 ∩N is a Cartan subalgebra of N . It
follows that N must be invariant under τ . Put H = L〈τ 〉 ∩ N . Let ∆ be a simple system of
roots of N relative to H . Let α ∈ ∆ and let Nα denote the root space of N corresponding
to the root α. Put Nα = keα . As hτ = h for every h ∈ H , we see that Nα is invariant
under τ . Since Nα ∩ L〈τ 〉 = 0, it follows that eτα = −eα . Suppose |∆| > 1. Then there are
α, β in ∆ such that α + β is a root. So, [eα, eβ ] = 0, see [10, p. 116]. However, we find
[eα, eβ ]τ = [eα, eβ ] ∈ Nα+β ∩L〈τ 〉 = 0. This contradiction shows that |∆| = 1. This yields
N ∼= A1 and completes the proof. 
Next, we obtain information on the structure of the group G by imposing conditions on
the fixed-point subalgebra of the elements of G. For convenience to the reader we recollect
the following known result:
Lemma 2.14 [8, Hilfssatz 8.12, p. 502]. Let V a vector space of finite dimension over any
field. Let G be a subgroup of the general linear group, GL(V ), of V . Assume that V 〈g〉 = 0
for every 1 = g ∈ G. Then every subgroup of G of order pq , p, q are (not necessarily
distinct) primes, is cyclic.
We give the following slight extension of the above lemma, for completely reducible
groups:
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V of finite dimension over any field. Assume ∑1 =g∈GV 〈g〉 = V . Then every subgroup of
G of order pq , p, q are (not necessarily distinct) primes, is cyclic.
Proof. It is easy to see that (V 〈g〉)h ⊆ V 〈h−1gh〉, for every g,h ∈ G. So, ∑1 =g∈GV 〈g〉 is
invariant under G. Then, G has an invariant subspace T such that V = T ⊕(∑1 =g∈GV 〈g〉).
For each g ∈ G, denote by g˜ the restriction of g on T . Let G˜ = {g˜ | g ∈ G}. We see that
G ∼= G˜GL(T ) and that T 〈g˜〉 = V 〈g〉 ∩T = 0 for every 1 = g˜ ∈ G˜ . So, the result follows
from Lemma 2.14. 
Lemma 2.16. Let G be a group of automorphisms of a vector space V such that V G = 0.
Let M1, . . . ,Mk be distinct normal maximal subgroups of G such that VMi = 0 for every
1 i  k. Then the sum
∑
1ik V
〈Mi 〉 is direct.
Proof. Normality of Mi implies that VMi is invariant under G. Let
∑
1ir xi = 0,
xi ∈ VMi , 1  i  r  k. We need prove that xi = 0 for every i . We proceed by
induction on r . Let σ be any element of M1 distinct from the identity. We see that
(x2 − xσ2 ) + · · · + (xr − xσr ) = 0. Put yi = (xi − xσi ), for 2 i  r . We see that yi ∈ VMi
for every 2 i  r . By induction it follows that yi = 0, for every 2 i  r . Then we see
that xi ∈ VMi ∩ VM1 = V 〈Mi,M1〉 = V G = 0, for every 2  i  r . This yields that x1 = 0
too. This completes the proof. 
3. Case of non-cyclic groups of automorphisms all of whose proper subgroups are
cyclic
We will need the classification of non-cyclic finite abstract groups all of whose proper
subgroups are cyclic. The authors do not know any reference for this classification.
However, it can be easily obtained by using the well-known classification of finite non-
abelian groups in which every proper subgroup is abelian, due to Miller and Moreno (see
for instance [14, p. 149]), the also well-known classification of finite p-groups having only
one subgroup of order p, due to Zassenhaus, see [19, Theorem 15, p. 148], and the structure
theorem for finite abelian groups. We obtain the following
Proposition 3.1. Let G be a finite non-cyclic group such that every proper subgroup of G
is cyclic. Then one of the following holds:
(1) G ∼= Cp × Cp , p a prime,
(2) G ∼= Cp Cq and Z(G) = 1, where p, q are primes and p divides q − 1,
(3) G ∼= Cpn Cq and G/Z(G) ∼= Cp Cq , where p,q are primes, p divides q − 1, and
n > 1,
(4) G is the quaternion group.
Proof. If G is abelian, then from the structure theorem for finite abelian groups it follows
that G is as in (1). Now suppose that G is a non-abelian p-group. Then G has a subgroup
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otherwise G would have a proper subgroup isomorphic to Cp × Cp which is not cyclic.
From a well-known result due to Zassenhaus it follows that G is the quaternion group (see
[19, p. 148]). Next suppose that G is neither abelian nor a p-group. Since every proper
subgroup of G is abelian, by the theorem of Miller and Moreno it follows that G = PQ
where Q  G, Q is an elementary abelian q-group, P is a cyclic p-subgroup of G and
p = q (see [14, p. 149]). As every proper subgroup of G is cyclic, we see that Q has
order q . Let M be the maximal subgroup of P . Since the subgroup QM of G is cyclic, we
have {Q,M} = 1. This yields that M = Z(G) and therefore G/Z(G) ∼= Cp Cq . Finally,
we see that P/Z(G) is isomorphic to a subgroup of Aut(Q). Hence p divides q − 1. If
|P | = p, then G is as in (2). If |P | >p, then G is as in (3). The proof is complete. 
Now we consider the cases (1) and (2) in Proposition 3.1 together.
Proposition 3.2. Let G  Aut(L) such that L is semisimple, G is not cyclic and G ∼=
Cp Cq , where p and q are (not necessarily distinct) primes.
(1) If G is f-p-s, then the following holds:
(a) LG = 0,
(b) L is a form of a direct sum of copies of Ap−1.
(2) If LG = 0 and p = q , then the following holds:
(a) G is f-p-s,
(b) L = L〈σ1〉 ⊕ · · · ⊕ L〈σp+1〉, where 〈σ1〉, . . . , 〈σp+1〉 are the distinct proper
subgroups of G.
(3) If G is not f-p-s, G has no proper semisimple invariant subalgebra and if the ground
field k is algebraically closed, then the following holds:
(a) q > p > 2 (so that |G| is odd),
(b) L ∼= A1 ⊕ · · · ⊕ A1︸ ︷︷ ︸
p
and dimLG = 1.
Proof. Let 〈σ 〉 be a normal subgroup of G of order q . We see that L〈σ 〉 is invariant
under G. Pick τ ∈ G, τ /∈ 〈σ 〉. We see that 〈τ 〉 has order p and G = 〈σ, τ 〉. In order to
prove (1), suppose that G is f-p-s. By Proposition 2.3(1)(a), L〈σ 〉 is a Cartan subalgebra
of L. We may suppose w.l.o.g. that the ground field k is algebraically closed (see
Lemma 2.9). Let Φ denote the root system of L relative to L〈σ 〉 and ε(τ ) denote the
automorphisms of Φ induced by τ . We claim that ε(τ ) has nonzero fixed-points. Suppose
that the root α ∈ Φ is fixed by ε(τ ). We see that α and −α are both fixed by ε(g) for
every g ∈ G. Let Lα , L−α be the root spaces of L corresponding to the roots α and −α,
respectively. We see that the tree-dimensional simple subalgebra S = [Lα,L−α] + Lα +
L−α of L is invariant under G. For each g ∈ G denote by g˜ the restriction of g to S. Let
G˜ = {g˜ | g ∈ G}. By Proposition 2.10 we have G ∼= G˜. On the other hand, since L〈τ 〉 is
a Cartan subalgebra of L (see Proposition 2.3(1)(a)) and since Lα and L−α are generated
by ad-nilpotent elements, it follows that neither Lα nor L−α are contained in L〈τ 〉. Pick
0 = e ∈ Lα , 0 = f ∈ L−α . We see that eτ = λe and f τ = µf , where 1 = λ,µ ∈ k. Also,
we have α([e, f ])eτ = [[e, f ], e]τ = [[e, f ]τ , eτ ] = λ2µα([e, f ])e = λµα([e, f ])eτ . This
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for every g˜ ∈ G˜. From Lemma 2.15 it follows that G˜ is cyclic. This contradiction proves
the claim. Then by using Lemma 2.12(2) we obtain that L ∼= Ap−1 ⊕ · · · ⊕ Ap−1 and
LG = L〈σ 〉 ∩L〈τ 〉 = 0. This proves (1).
(2) Assume p = q and LG = 0. Let 〈σ1〉, . . . , 〈σp+1〉 be the distinct proper subgroups
of G. Since G is abelian, we see that L〈σi 〉 is invariant under σj , for every 1  i, j 
p + 1. Let i = j . We have G = 〈σi, σj 〉 and so L〈σi 〉 ∩ L〈σj 〉 = LG = 0. This yields
that L〈σi 〉 admits a fixed-point-free automorphism of prime order. By [9] we have that
L〈σi 〉 is nilpotent. Hence G is f-p-s. On the other hand, by Lemma 2.15 we have that
L = L〈σ1〉 + · · · +L〈σp+1〉. By Lemma 2.16, this sum is direct and (2) is proved.
(3) By Lemma 2.2, G is not abelian. So that p = q . We see that L〈σ 〉 is abelian; since
otherwise its derived subalgebra would be a proper semisimple subalgebra of L invariant
under G, which is a contradiction. Since σ has prime order, we see that σ is f-p-s. Thus
there exists τ ∈ G \ 〈σ 〉 which is not f-p-s. Also, it follows that L〈σ 〉 is a Cartan subalgebra
of L by Proposition 2.3(1)(a). By Lemma 2.11(1) we have that dimL〈σ 〉  p. On the
other hand, we see that the automorphism ε(τ ) of the root system Φ of L relative to L〈σ 〉
has no fixed-points; since otherwise G would have a three-dimensional simple invariant
subalgebra, which is a contradiction. Thus, by Lemma 2.12 we have that p divides |Φ|
and dimL〈τ 〉 = dimLG + |Φ|/p. Moreover, we see that σ leaves stable every simple
component of L. Since τ has order p and since L has no proper G-invariant semisimple
subalgebras, we see that either L is simple or L has just p simple components. First
suppose that L is simple. Assume LG = 0. Then LG is spanned by a regular element x
of L, by Lemma 2.11(2). Since CL(x) = L〈σ 〉, we have L〈τ 〉 ∩ CL(x) = kx . This yields
that kx is a Cartan subalgebra of L〈τ 〉 and therefore dimL〈τ 〉 = 3. Thus, |Φ| = 2p. As
rankL  p, from the Killing–Cartan classification of simple Lie algebras we see that
L ∼= A2 and p = 3. Then we have Aut(L)/Aut0(L) ∼= C2, see [4, p. 110]. Whence
τ ∈ Aut0(L). Thus CL(x)  L〈τ 〉 (see [3, Proposition 4.6]). It follows that LG = L〈σ 〉.
By Lemma 2.7 we have that G is abelian, which is a contradiction. Therefore LG = 0.
Now, by Lemma 2.11, it follows that rankL p − 1. As p divides |Φ|, from the Killing–
Cartan classification of simple Lie algebras we see that either L ∼= Ap−1 or L ∼= G2 and
p = 3. Let L ∼= Ap−1. Then |Φ| = p(p − 1). Whence, dimL〈τ 〉 = p − 1. As dimL > 3,
we have p > 2. Then we see that τ ∈ Aut0(L). Thus L〈τ 〉 contains a Cartan subalgebra
of L, see [3, Theorem 4.5 and Proposition 4.6]. As rankL = p − 1, we see that L〈τ 〉 is a
Cartan subalgebra of L, which contradicts the fact that τ is not f-p-s. Therefore L ∼= G2
and p = 3. Let ∆ = {α,β} be a fundamental basis of Φ and let β be a long root. We
see that the set Φ ′ = {±β,±(β + 3α),±(2β + 3α)} of the long roots is invariant under
the automorphism ε(τ ) of Φ . But then we find that the subalgebra L〈σ 〉 +∑γ∈Φ′ Lγ is
invariant under G and isomorphic to A2. This contradiction proves that L is not simple.
Therefore L has just p simple components. Let L = N1 ⊕ · · · ⊕ Np be the decomposition
of L into its simple components. We see that dimL〈σ 〉 ∩ Ni = 1, for 1  i  p. Since
L〈σ 〉 ∩ Ni is a Cartan subalgebra of Ni , it follows that dimNi = 3 for every 1  i  p.
This yields |Φ| = 2p and therefore dimL〈τ 〉 = dimLG + 2. As L〈τ 〉 is not solvable, we
see that LG = 0. By Lemma 2.11(2) it follows dimLG = 1. It remains only to prove that
p > 2. Suppose p = 2. Take a standard basis ei , fi , hi for Ni , such that L〈σ 〉 ∩Ni = Fhi .
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is invariant under G. This contradiction completes the proof. 
In the latter section (Example 6.2), we will see that any group G of type (2) in
Proposition 3.1 does happen as a f-p-s group of automorphisms of a Lie algebra over an
algebraically closed field. Moreover, we will see that such a group G of odd order also
occurs as a non-(f-p-s) group of automorphisms of a semisimple Lie algebra which have
no proper G-invariant semisimple subalgebra (Example 6.3).
In the following proposition, we consider the case of groups of type (3) in Proposi-
tion 3.1. More generally we have
Proposition 3.3. Let G Aut(L) such that L is not solvable and G is f-p-s. Assume that
G ∼= Cpn  Cq and Z(G) = 1, where p, q are primes, p divides q − 1, and n > 1. Then
LG = 0 and I (G) is cyclic.
Proof. By Lemma 2.9, we may suppose w.l.o.g. that L is semisimple. Write G = 〈τ 〉 
〈σ 〉, where |〈σ 〉| = q and |〈τ 〉| = pn. By Proposition 2.3(1)(a), we have that L〈σ 〉 is a
Cartan subalgebra of L. Let 〈ν〉 be the subgroup of 〈τ 〉 of order p. By Lemma 2.9(5)
we have σ, ν ∈ I (G). By Proposition 2.3(2), we have that LI(G)∩〈τ 〉 = L〈ν〉 = L〈σ 〉. This
yields LI(G) = L〈σ 〉 and LG = L〈τ 〉, since I (G) = (I (G)∩〈τ 〉) 〈σ 〉 and L〈τ 〉  L〈ν〉. By
Corollary 2.5 it follows that LG = 0. By Lemma 2.7 it follows that I (G) is abelian. So,
I (G) is cyclic. The proof is complete. 
In Example 6.5(2) we will exhibit a f-p-s group of automorphisms of type (3) in
Proposition 3.1.
The remainder case is when G is the quaternion group.
Proposition 3.4. Let L be semisimple and let G Aut(L) be f-p-s. Assume that G is the
quaternion group. Then the following holds:
(1) LG = 0,
(2) I (G) is cyclic,
(3) L ⊗k k¯ ∼=
n︷ ︸︸ ︷
A1 ⊕ · · · ⊕A1, where n is even and k¯ is an algebraic closure of the ground
field k.
Proof. Since |Z(G)| = 2, by Proposition 2.3 we have that Z(G)  I (G) and LZ(G) is
a Cartan subalgebra of L. Suppose I (G) = G. Take two distinct maximal subgroups,
〈g1〉, 〈g2〉, of G. Since 1 = Z(G) = 〈g1〉 ∩ 〈g2〉, by Proposition 2.3(1)(b) it follows that
L〈g1〉 = LZ(G) = L〈g2〉. This yields that LG = LZ(G) and hence LG is a Cartan subalgebra
of L. But then from Lemma 2.7 it follows that G is abelian, which is a contradiction.
Therefore I (G) = G. So that I (G) is cyclic and (2) is proved. As every automorphism
of finite order of a three-dimensional simple Lie algebra is f-p-s and invariant, from (1) it
follows that none three-dimensional simple Lie algebra admits a group of automorphisms
which is isomorphic to the quaternion group. To prove (1) and (3) we may suppose w.l.o.g.
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have that L = ⊕1in Ni , being each Ni three-dimensional simple. Suppose that n is
odd. Since G acts on the set {N1, . . . ,Nn} and |G| = 8, we see that some Ni must be
invariant under G. Then, by Lemma 2.10 we see that Ni admits a group of automorphisms
which is isomorphic to the quaternion group. This contradiction shows that n is even
and proves (3). We see that LZ(G) is invariant under G. Therefore each element g ∈ G
induces an automorphism, g˜, on LZ(G). Let ϕ :G → Aut(LI (G)) be the homomorphism of
groups defined by gϕ = g˜. We have G/kerϕ ∼= Gϕ Aut(LZ(G)). Clearly Z(G) kerϕ.
Suppose that Z(G) < kerϕ. Pick g ∈ kerϕ, g /∈ Z(G). We see that 〈g〉 is a maximal
subgroup of G and Z(G)  〈g〉. This yields that L〈g〉 = LZ(G). Pick g′ ∈ G, g′ /∈ 〈g〉.
Then we see that G = 〈g,g′〉 and hence LG = L〈g〉 ∩ L〈g′〉 = LZ(G) ∩ L〈g′〉 = L〈g′〉.
By Corollary 2.5, LG = 0. Then suppose that Z(G) = kerϕ. Since G/Z(G) is a four-
group, by using Lemma 2.15 we obtain that LZ(G) =∑1i3 L〈gi〉, where 〈g1〉, 〈g2〉, 〈g3〉
are the distinct maximal subgroups of G. Now let LG = 0. As every subgroup of G is
normal, Lemma 2.16 applies and the sum
∑
1i3 L
〈gi〉 is direct. Let 1 i = j  3. Since
g2i ∈ Z(G) 〈gj 〉 and since L〈gi 〉 ∩ L〈gj 〉 = 0, we see that xgi = −x for every x ∈ L〈gj 〉.
Then, from Lemma 2.11(2) it follows that dimL〈gj 〉 = 1 for every 1 j  3. This yields
that dimLZ(G) = 3 and hence rankL = 3. By Lemma 2.13 we have that L is the direct
sum of three copies of the Lie algebra A1, which contradicts (3). Consequently LG = 0.
The proof is now complete. 
In Example 6.5(3) we will see that the quaternion group does happen as a f-p-s group
of automorphisms.
4. Case of a f-p-s group G of automorphisms of a Lie algebra L such that
LI(G)  Solv(L)
Proposition 4.1. Let L be semisimple and let G  Aut(L) be f-p-s. Assume LI(G) = 0.
Then the following holds:
(1) I (G) is cyclic.
(2) G has just one subgroup of order p for each prime divisor p of |G|.
Proof. (1) Suppose that I (G) is not cyclic. Then there exists a non-cyclic subgroup T
of I (G) such that every proper subgroup of T is cyclic. By using Propositions 3.1, 3.2,
3.3 and 3.4, we obtain that either LT = 0 and T = I (T ) or else LT = 0 and I (T ) < T .
However, we have that 0 = LI(G)  LT and I (T ) = T ∩ I (G) = T . This contradiction
shows that I (G) is cyclic and proves (1).
(2) follows from (1) and from the fact that every subgroup of G of prime order is
contained in I (G) (see Lemma 2.9(5)). 
We now determine the finite abstract groups G which have just one subgroup of order
p for each prime divisor p of the order of G.
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p of |G| if and only if G is a group of one of the following types:
(1) a cyclic group,
(2) G = 〈b〉 〈a〉, 1 = G′ = 〈a〉, gcd(|〈a〉|, |〈b〉|) = 1, |〈a〉| is odd, and every element of
〈b〉 of prime order belongs to the center of G.
(3) G = Q  G1 where G1 is a group of odd order of type either (1) or (2), Q is a
generalized quaternion group and the involution of Q belongs to the center of G.
(4) G = G1 Q where Q is the quaternion group, G1 is a group of odd order of type
either (1) or (2) such that |G1/G′1| is divisible by 9, CG1(Q) contains every element
of G1 of prime order, and G/CG1(Q) ∼= SL(2,3).
(5) G has a normal subgroup N of index 2 which is a group of type (4) and the generalized
quaternion of order 16 is a Sylow 2-subgroup of G.
Proof. Assume that G has just one subgroup of order p for each prime divisor p of |G|.
In particular, we see that every minimal subgroup S of G is normal in G. By the N/C
theorem it follows that G/CG(S) is cyclic. This yields G′  CG(S) and therefore every
minimal subgroup of G centralizes G′. Moreover by a result due to Gaschütz we have
that G′ has a normal Sylow 2-subgroup with nilpotent factor group (see [8, Satz 5.7]). In
particular, we see that G is solvable. Also, we see that every nontrivial Sylow subgroup of
G has just one subgroup of prime order. By a well-known result due to Zassenhaus, the
Sylow p-subgroups of G are cyclic for p > 2 and either cyclic or generalized quaternion
for p = 2, see [8, Satz 8.2]. Let us first suppose that every Sylow subgroup of G is
cyclic. Then it is well-known that G′ and G/G′ are both cyclic, gcd(|G′|, |G/G′|) = 1
and G = T  G′ where T is a cyclic subgroup of G, see [13, p. 246]. Let t ∈ T have
prime order. As t centralizes G′ and T is cyclic, we see that t ∈ Z(G). We now prove
that |G′| is odd. Suppose that |G′| is even. Take a Sylow 2-subgroup P of G′. Since P
is characteristic in G′, P G. Since P is a cyclic 2-group, Aut(P ) is a 2-group too. By
using the N/C theorem we obtain that G/CG(P) is also a 2-group. Since G′  CG(P) and
since |G/G′| is odd, we see that CG(P) = G. Since P is also a Sylow 2-subgroup of G,
by Burnside’s transfer theorem it follows that P has a normal complement K in G. We
see that |K| is odd and G/K ∼= P . This yields that G′ K and hence |G′| is odd, which
is a contradiction. Therefore |G′| is odd, as required. We conclude that G is a group of
type (2). Next suppose that G has a Sylow 2-subgroup which is a generalized quaternion.
Then by a well-known result due to Suzuki it follows that either G is of type (3) or G is
a group of one of the following two types: (i) G = G1 Q where Q is the quaternion
group, G1  G and G1 is a group of odd order of type either (1) or (2); (ii) G has a
normal subgroup N of index 2 which is a group of type (i) and the generalized quaternion
of order 16 is a Sylow 2-subgroup of G (see [16]). Thus we need only consider the
case where G is of type (i). Since Aut(Q) ∼= Sym4 and since |G/Q| is odd, by using
the N/C theorem we obtain that G/CG(Q) ∼= Alt4 and that the factor group of G by
QCG(Q) has order 3. Since CG(Q) ∩ Q = Z(Q), we see that Z(Q) is a normal Sylow
2-subgroup of CG(Q). By the Schur–Zassenhaus splitting theorem (see [13, p. 251]), there
exists a normal complement K to Z(Q) in CG(Q). We see that K is just the largest
normal subgroup of QCG(Q) of odd order. Whence, K  G. As K ∩ Q = 1, K  G1.
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G/CG1(Q)
∼= SL(2,3). Let g ∈ G1 have prime order. As 〈g〉  G and 〈g〉 ∩ Q = 1, we
see that g centralizes Q. Now decompose G1 = 〈b〉G′1. We see that |〈b〉/K ∩ 〈b〉| = 3.
Thus 〈b〉 has a subgroup 〈c〉 of order 3. Since c ∈ CG(Q) it follows that |〈b〉| is divisible
by 9. This completes the proof in one direction.
In order to prove the converse, let S1, S2 be distinct subgroups of a finite group G such
that |S1| = |S2| = p, p prime. Clearly G is not of type (1). Suppose that G is of type (2).
If p | |G′|, then |G/G′| is prime to p. It follows that S1 and S2 are both contained in G′,
which contradicts the fact that G′ is cyclic. Therefore |G′| is prime to p. Thus p divides
|〈b〉|. We may suppose that S1  〈b〉. Then S1 centralizes G′. So, S1 is the only Sylow
p-subgroup of G′ × S1. On the other hand, since G/G′ is cyclic we see that G′S1 = G′S2.
This yields that S2  G′ × S1 and therefore S1 = S2. This contradiction shows that G is
not of type (2) either. Now suppose that G is of type (3). Let p > 2. Since G/G1 is a
2-group, we see that S1 and S2 are both contained in G1, which contradicts the fact that
G1 is a group of type either (1) or (2). Therefore p = 2. We may suppose S1  Q. So
S1  Z(G). Since G/G1 ∼= Q, we see that G/G1 has just one subgroup of order 2. Hence
G1S1 = G1S2. This yields that S1 = S2, which is a contradiction. Thus G is not of type (3).
Next we consider the case when G is of type (4). Since Q is the unique Sylow 2-subgroup
of G and Q has only one involution, we see that G has only one subgroup of order 2. So,
p > 2. We may suppose that S1  G1. Thus S1 centralizes Q. On the other hand, since
G/Q ∼= G1 we have that G/Q is of type either (1) or (2). This yields that QS1 = QS2
and therefore S1 = S2. Hence G is not of type (4) either. The remainder case is when G
is of type (5). We see that the group N has only one Sylow 2-subgroup Q. Normality of
N implies Q  G. Thus Q is contained in every Sylow 2-subgroup Q˜ of G. As Q˜ is a
generalized quaternion, we see that Z(Q) is the only subgroup of Q˜ of order 2. This yields
that G has only one subgroup of order 2 and therefore p > 2. As G/N has order 2, we see
that S1 and S2 are both contained in N , which contradicts the fact that N is of type (4).
Now the proof is complete. 
Corollary 4.3. Let G be a solvable Frobenius complement in a finite Frobenius group.
Assume that G has two distinct subgroups of order a prime p. Then p = 3 and G is a
group of one of the following two types:
(1) G = 〈a〉 (Q× 〈b〉), being |a| = 3, Q the quaternion group and |〈b〉| an odd number
(possibly 1) not divisible by 3 ,
(2) G has a normal subgroup N of index 2 which is a group of type (1) above and the
generalized quaternion group of order 16 is a Sylow 2-subgroup of G.
Proof. In view of [16, p. 522] and the proof of Proposition 4.2, it is sufficient to consider
the case when G = G1 Q, being G1 a group of type either (1) or (2) in Proposition 4.2,
Q the quaternion group and G1  G. In the proof of Proposition 4.2, we have proved
that |G/QCG(Q)| = 3 and that G1 ∩ QCG(Q) = CG1(Q). From Proposition 4.2, it
follows that QCG(Q) has at most one subgroup of order 3. This yields that p = 3 and
hence G = 〈a〉  QCG(Q) for some element a of G1 of order 3. Also, we see that
(G1)′  CG1(Q)  G1. This yields that CG1(Q) is cyclic. Finally, we see that |CG1(Q)|
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which contradicts the fact G is a Frobenius complement (see [8, Satz 8.15]). The proof is
complete. 
Theorem 1. Let L be non-solvable and let G  Aut(L) be f-p-s. Assume that LI(G) 
Solv(L). Then the following holds:
(1) G is a group of one of the types (1)–(5) listed in Proposition 4.2,
(2) L/Solv(L) is a form of a direct sum of copies of A1, except when |G| is odd. In this
case every Sylow subgroup of G is cyclic and Z(G) = 1.
Proof. It follows from Lemmas 2.9, 2.13 and Propositions 4.1, 4.2. 
5. The case of f-p-s groups G of automorphisms of a Lie algebra L such that
LI(G)  Solv(L)
If p is a prime number and if G is a finite group, we shall denote by Op′(G) the unique
maximal normal subgroup of G whose order is prime to p. In particular, O2′(G) denotes
the largest normal subgroup of G of odd order. A finite group G is said to be p-nilpotent
if G = Op′(G)P where P is a Sylow p-subgroup of G.
Let G  Aut(L) such that G is f-p-s, L is not solvable and LI(G)  Solv(L). In this
section we determine the structure of the group G and that of the Lie algebra L/Solv(L).
We begin by proving that the group G contains a non-cyclic subgroup of order pq , where
p, q are (not necessarily distinct) primes.
Proposition 5.1. Let L be non-solvable and let G  Aut(L) be f-p-s. Then LI(G) 
Solv(L) if and only if G has a non-cyclic subgroup which is isomorphic to either Cp ×Cp
or Cp Cq where p,q are distinct primes.
Proof. By Lemma 2.9 we may suppose w.l.o.g. that L is semisimple. Assume first that
LI(G) = 0. By Corollary 2.5, I (G) is not cyclic. Therefore I (G) has a non-cyclic subgroup
S such that every proper subgroup of S is cyclic. On the other hand, since S  I (G) we
have I (S) = S. By Propositions 3.1, 3.2, 3.3 and 3.4 we have that either S ∼= Cp × Cp or
S ∼= Cp Cq , p, q primes. The converse follows from Proposition 3.2(1). 
Now we consider the case when the group G is a p-group.
Proposition 5.2. Let P Aut(L) such that P is a p-group and L is not solvable. Assume
that P is f-p-s and LI(P )  Solv(L). Then I (P ) = Ω1(P ) and Ω1(P ) is either isomorphic
to Cp × Cp or a dihedral group of order 2n, n 3.
Proof. By Lemma 2.9, we may suppose w.l.o.g. that L is semisimple. So, LI(P ) = 0.
By Proposition 5.1, I (P ) contains a subgroup which is isomorphic to Cp × Cp . By
Lemma 2.9(5), we have Ω1(P )  I (P ). If I (P ) ∼= Cp × Cp , then we see that Ω1(P ) =
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order p3. Assume first that T has exponent p. Pick 1 = σ ∈ Z(T ). We see that T/〈σ 〉 ∼=
Cp × Cp . Also, we see that L〈σ 〉 is invariant under T . For each τ ∈ T , denote by τ˜ the
restriction of τ to L〈σ 〉. Let T˜ = {τ˜ | τ ∈ T }. Let τ ∈ T \ 〈σ 〉. Since 〈σ, τ 〉 ∼= Cp ×Cp , we
have that L〈σ 〉 ∩L〈τ 〉 = L〈σ,τ 〉 = 0, by Proposition 3.2(1). This yields that T˜ ∼= T/〈σ 〉 and
that every non-identity element of T˜ acts on L〈σ 〉 without nonzero fixed points. However
we see that T˜ ∼= Cp × Cp , which contradicts Lemma 2.14. Therefore T has exponent
greater than p. So that T has a cyclic subgroup of order p2. Then we see that either T is
cyclic, T is the quaternion group, T is the dihedral group of order 8 or T has p distinct
cyclic subgroups Mi (i = 1, . . . , p) of order p2 and one subgroup V which is isomorphic
to Cp × Cp (see [19]). In the latter case, we have LT  LV = 0 by Proposition 3.2(1).
On the other hand, by Proposition 2.3(1)(b) we have that LMi = LMi∩Mj = LMj for every
1  i = j  p. This yields that LT = LM1 = 0, which is a contradiction. Now suppose
that T is the quaternion group. By Proposition 3.4, LT = 0 and I (T ) = T . However, since
T  I (G), we have T = I (T ), a contradiction. We conclude that each subgroup of I (P )
of order p3 is either cyclic or the dihedral group of order 8.
Let U be any elementary abelian subgroup of I (P ) of type (p,p). Suppose U <
CI(P )(U). Then there exists a subgroup T of I (P ) of order p3 such that U <Z(T ). So, T
is neither cyclic nor the dihedral group of order 8, which contradicts the conclusion in the
preceding paragraph. Therefore U = CI(P )(U). Since every non-cyclic abelian p-group
contains an elementary abelian subgroup of type (p,p), we deduce that every non-cyclic
abelian subgroup of I (P ) is isomorphic to Cp ×Cp .
Now suppose that I (P ) has an abelian normal subgroup A which is not cyclic. By the
preceding paragraph, A ∼= Cp × Cp and CI(P )(A) = A. Then by using the N/C theorem
we obtain that I (P ) has order p3. This yields that I (P ) is the dihedral group of order 8
and hence I (P ) = Ω1(P ), as required.
Then suppose that all abelian normal subgroup of I (P ) are cyclic. Then it is known
that p = 2 and I (P ) has a cyclic subgroup of index 2 (see [8, Satz 7.6, p. 304]). Since
I (P ) is not cyclic, we see that I (P ) is a group of one of the following types (see [19,
pp. 150–151]):
(1) a dihedral group of order at least 8;
(2) a generalized quaternion group;
(3) I (P ) = 〈a, b | a2n−1 = 1, b2 = 1, bab−1 = a1+2n−2 , n 4〉;
(4) I (P ) = 〈a, b | a2n−1 = 1, b2 = 1, bab−1 = a−1+2n−2 , n 4〉.
In case (2) we see that I (P ) has a subgroup Q which is a quaternion. But then we
have I (Q) = Q ∩ I (P ) = Q, which contradicts Proposition 3.4. Therefore case (2) does
not occur. In case (4) we see that 〈a2, ba〉 is a generalized quaternion subgroup of I (P )
of order 2n−1. So, the case (4) does not occur either. In case (3) we see that 〈a2, b〉 is an
abelian normal subgroup of I (P ) which is not cyclic, a contradiction. We conclude that
I (P ) is a dihedral group of order at least 8. Since every dihedral group can be generated
by two elements of order 2, we see that I (P ) = Ω1(P ). The proof is now complete. 
Next we determine the structure of the normal subgroup I (G):
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|G| is not a prime power and that G has an elementary abelian p-subgroup U of type
(p,p). Then, p is the smallest prime divisor of |G|, CI(G)(U) = U and I (G) is a group of
one of the following types:
(1) I (G) = P  〈a〉 where P is a self-normalizing Sylow p-subgroup of I (G) and either
P ∼= Cp ×Cp or P is a dihedral group of order 2n, n 3,
(2) I (G) is isomorphic to either PGL(2, r) or PSL(2, r), where r is an odd prime such
that r − 1 = 2n for some n 1.
Proof. By Lemma 2.9 we may suppose w.l.o.g. that L is semisimple. By Proposition 3.2,
L is a form of a direct sum of copies of the simple Lie algebra Ap−1. Note that U  I (G)
by Lemma 2.9(5). We see that I (G) is not a p-group; since otherwise, G would be a
p-group (see Lemma 2.9(5)), which is a contradiction. Let P be a Sylow p-subgroup
of I (G) containing U . Since I (P ) = P , from Proposition 5.2 it follows that either
P ∼= Cp × Cp or P is a dihedral group of order 2n, n 3.
Now, we claim that every subgroup K of I (G) of order prime to p is cyclic. Assume
that K is not cyclic. Since I (K) = K , we have LK = 0 by Proposition 4.1. Then, by
Proposition 5.1, K has a non-cyclic subgroup which is either isomorphic to Cr × Cr or to
Cr  Ct , r , t primes. This yields that L is a form of a direct sum of copies of the simple
Lie algebra Ar−1, by Proposition 3.2(1), and therefore r = p. But this contradicts the fact
that p  |K|. The claim is proved.
Next, we prove that CI(G)(U) = U . Suppose U < CI(G)(U). We see that U is a Sylow
p-subgroup of CI(G)(U). So, there exists 1 = τ ∈ CI(G)(U) having order a prime, q ,
distinct from p. Then we have that the subgroup 〈τ, γ 〉 of I (G) is cyclic for every γ ∈ U .
Thus, by Proposition 2.3(2) it follows that L〈γ 〉 = L〈τ 〉 for every γ ∈ U . This yields
LU = L〈τ 〉 = 0, which contradicts Proposition 3.2. So, CI(G)(U) = U as required.
We now claim that NI(G)(U) = U whenever p > 2. To do that, suppose U <NI(G)(U)
and p > 2. We see that U is a Sylow p-subgroup of NI(G)(U). So, there exists 1 = τ ∈
NI(G)(U) of order a prime, q , distinct from p. We see that τ acts, by conjugation, on
the set Γ consisting of the proper subgroups of U . By Proposition 3.2, we have that
L = ⊕γ∈Γ L〈γ 〉. Let 〈γ 〉 ∈ Γ be fixed by τ . Then we see 〈τ, γ 〉 ∼= Cq  Cp . We have
that 〈τ, γ 〉 is cyclic; otherwise, by Proposition 3.2(1), the Lie algebra L would be a form
of a direct sum of copies of Aq−1 and then we have q = p, which is a contradiction.
Then by using Proposition 2.3(2) we obtain that L〈γ 〉 = L〈τ 〉. We deduce that at most one
element of Γ is fixed by τ . So, there exists an element 〈ν〉 in Γ which is moved by τ .
Let 〈ν〉 be the orbit of 〈ν〉. We see that the size of this orbit is q . Take 0 = x ∈ L〈ν〉.
We see that x + xτ + · · · + xτq−1 is a nonzero element of L which is fixed by τ . We
deduce that dimL〈τ 〉  dimL〈ν〉. On the other hand, by Proposition 2.3 we have that
L〈τ 〉 and L〈ν〉 are both Cartan subalgebras of L. Therefore dimL〈τ 〉 = dimL〈γ 〉. Whence
L〈τ 〉 ⊆⊕〈κ〉∈〈ν〉 L〈κ〉. We conclude that Γ =〈ν〉. Since |Γ | = p+1, we have p+1 = q .
Whence, p = 2. This contradiction proves the claim. Then, by Burnside’s transfer theorem
we have that I (G) is p-nilpotent, provided p > 2.
Now suppose that I (G) is p-nilpotent. So that I (G) = Op′(I (G))P . Since the order of
Op′(I (G)) is prime to p, we have that Op′(I (G)) is cyclic. Moreover we see that P is self-
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prove that p is the smallest prime divisor of the order of G, let q be a prime divisor of |G|
distinct from p. By Lemma 2.9(5) it follows that q divides |I (G)|. Then we see that there
exists an element ρ in Op′(I (G)) having order q . As CI(G)(U) = U , there exists γ ∈ U
such that ρ /∈ CI(G)(γ ). Then we have that the group 〈ρ,γ 〉 is not abelian and isomorphic
to Cp Cq . This yields p | q − 1 and hence p < q .
Next suppose that I (G) is not p-nilpotent. Then p = 2. By the claim in the second
paragraph in this proof, we have that every subgroup of I (G) of odd order is cyclic. We also
have that every Sylow 2-subgroup of I (G) is dihedral. By a known result due to Gorenstein
and Walter (see [6, p. 462]) it follows that I (G)/O2′(I (G)) is either the alternating group
Alt7 or isomorphic to a subgroup of Aut(PSL(2, rn)) containing PSL(2, rn), r an odd
prime and n  1. The former case does not happen because of the Sylow 3-subgroups
of Alt7 are not cyclic. In the latter case, we see that n = 1 since the Sylow p-subgroups
of PSL(2, rn) are elementary abelian of order rn (see [6, p. 418]). As Aut(PSL(2, r)) ∼=
PGL(2, r) and PSL(2, r) has index 2 in PGL(2, r), we deduce that I (G)/O2′(I (G)) is
isomorphic to either PGL(2, r) or PSL(2, r). Now we prove that O2′(I (G)) = 1. Suppose
O2′(I (G)) = 1. Write C = CG(O2′(I (G))). Since O2′(I (G)) is cyclic, we see that G/C is
abelian. So, (G/O2′(I (G)))′  C/O2′(G). We see that C/O2′(I (G)) has a four-subgroup
V/O2′(G). Since O2′((I (G)) is a normal Hall subgroup of V , by the Schur–Zassenhaus
splitting theorem (see [13, p. 251]) there exists a complement U to O2′(I (G)) in V . Then
we have that U is a four-group and O2′(I (G)) CI(G)(U). However we have proved that
CI(G)(U) = U . This contradiction shows that O2′(I (G)) = 1, as required. Therefore I (G)
is isomorphic to either PGL(2, r) or PSL(2, r). It remains only to prove that r − 1 is a
power of 2. It is known that the normalizer of a Sylow r-subgroup R of PSL(2, r) is a
Frobenius group with cyclic complement M of order (r − 1)/2 which acts irreducibly on
R (see [6, pp. 41, 418]). Assume that r −1 is not a power of 2. Then there exists an element
τ ∈ M of order an odd prime r ′ distinct from r . This yields that R〈τ 〉 ∼= Cr ′Cr and hence
L is a form of a direct sum of copies of the simple Lie algebra Ar ′−1, by Proposition 3.2(1).
By Lemma 2.13 it follows that r ′ = 2, which is a contradiction. Therefore r − 1 is a power
of 2. We conclude that I (G) is a group as in (2). The proof is now complete. 
Now we are able to determine the structure of the group G and that of the Lie algebra
L/Solv(L):
Theorem 2. Let G  Aut(L) such that G is f-p-s and L is not solvable. Assume that
LI(G)  Solv(L). Let p be the smallest prime divisor of |G|. Then
(1) L/Solv(L) is a form of a direct sum of copies of the Lie algebra Ap−1.
(2) G is a group of one of the following types:
(a) G is a Frobenius group whose Frobenius kernel is cyclic of odd order and a
Frobenius complement is either a cyclic p-group or generalized quaternion, I (G)
contains the Frobenius kernel of G and its Frobenius complements are cyclic;
(b) G = P  〈a〉 where the order of 〈a〉 ( possibly trivial) is prime to p, P is a p-group
such that Ω1(P ) is either elementary abelian of type (p,p) or a dihedral group
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(p,p); I (G) = Ω1(P )〈a〉,
(c) G/I (G) is a 2-group and I (G) ∼= PGL(2, r) or PSL(2, r), where r is an odd
prime such that r − 1 = 2n for some n 1.
Proof. By Lemma 2.9 we may suppose w.l.o.g. that L is semisimple. So that LG = 0.
From Proposition 5.1 it follows that I (G) has a non-cyclic subgroup of order rt , r , t
primes. Let us consider first the case when I (G) has a non-cyclic subgroup U of order
r2. If I (G) is a r-group, then by Lemma 2.9(5) we have that G is also a r-group. So, G
is as in (b) by Proposition 5.2. Then suppose that I (G) is not a r-group. We see that G
satisfies all conditions required in Proposition 5.3. So, r = p and I (G) is a group of one
of the two types listed in that proposition. On the other hand, we have that L is a form of
a direct sum of copies of the simple Lie algebra Ap−1, by Proposition 3.2(1). Let P be a
Sylow p-subgroup of I (G). By a Frattini argument, we have that G = I (G)NG(P ). We
see that I (G) ∩ NG(P ) = I (NG(P )) = NI(G)(P ). We first suppose that P < NI(G)(P ).
Note that NI(G)(P ) also satisfies all conditions required in Proposition 5.3. From this it
follows that NI(G)(P ) ∼= PSL(2,3) and P ∼= C2 ×C2. Then, by Proposition 5.3 again, we
see that CI(G)(P ) = P . Since CI(G)(P ) = CG(P)∩ I (G) = I (CG(P)), by Lemma 2.9(5)
it follows that CG(P) is a 2-group. Moreover, by using the N/C theorem we obtain that
NG(P )/CG(P ) is isomorphic to a subgroup of the symmetric group of degree 3. As
NI(G)(P )/P has order 3, we see that the factor group of NG(P) by NI(G)(P )CG(P )
is a 2-group. Also, we see that the factor group of NI(G)(P )CG(P ) by NI(G)(P ) is a
2-group, since it is isomorphic to a quotient of CG(P ). This yields that G/I (G) is also a
2-group and therefore G is as in (c) in this theorem. Then suppose that P = NI(G)(P ).
By Lemma 2.9(5) again, we have that NG(P ) is a p-group. Thus NG(P ) is a Sylow
p-subgroup of G. By using Propositions 5.2 and 5.3 we obtain that G is of type either
(b) or (c).
What remains to consider is the case when G has a non-cyclic subgroup which is
isomorphic to Ct Cr , where r and t are distinct primes, but every subgroup of G of order
a square of a prime is cyclic. In particular, we have that every nontrivial Sylow subgroup
of G has just one subgroup of prime order. This yields that the Sylow q-subgroups of
G are cyclic for q > 2 and either cyclic or generalized quaternion for q = 2. From
Proposition 3.4(2) we see that I (G) does not contain any quaternion subgroup. Therefore
every Sylow subgroup of I (G) is cyclic. This yields that I (G) = 〈c〉 〈a〉, I (G)′ = 〈a〉,
gcd(|〈a〉|, |〈c〉|) = 1 (see [13, pp. 246–247]). We see that t divides |〈c〉| and that r divides
|〈a〉|. Now we claim that 〈a〉 is strongly isolated in G (this means that CG(x)  〈a〉
for every 1 = x ∈ 〈a〉). To do that, let 1 = x ∈ 〈a〉 such that CG(x)  〈a〉. Since 〈a〉 
CI(G)(x), there exists 1 = y ∈ 〈c〉 such that xy = yx . As 〈x〉 is characteristic in 〈a〉, we see
that 〈x〉G. Then we have that the subgroup 〈x, y〉 is cyclic. By using Proposition 2.3(1)
we obtain that L〈a〉 = L〈x〉 = L〈x,y〉 = L〈y〉 = L〈c〉. This yields that LI(G) = L〈a〉 = 0. This
contradiction proves the claim. Then G and I (G) are both Frobenius groups and 〈a〉 is
their Frobenius kernel (see [16]). As 〈c〉 is a Frobenius complement of I (G), we can take
a Frobenius complement C of G containing 〈c〉. We prove that C is a t-group. To do that,
suppose that C is not a t-group. Then C has subgroup of 〈c′〉 of order a prime q distinct
from t . Let 〈a′〉 be the subgroup of 〈a〉 of order r . As 〈a′〉 is characteristic in 〈a〉, we see that
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which contradicts the fact that 〈a〉 is strongly isolated in G. We see that 〈a′, c′〉 ∼= Cq Cr .
But then from Proposition 3.2(1) it follows that q = t , which is a contradiction. Therefore
C is a t-group. Thus C is a Sylow t-subgroup of G. Therefore either C is cyclic or t = 2
and C is generalized quaternion. On the other hand, from Proposition 3.2 it follows that
L is a form of a direct sum of copies of At−1. We need prove that t is the smallest prime
divisor of the order of G. Suppose p < t . Then we see that p divides |〈a〉|. Take the
subgroup, 〈x〉, of 〈a〉 of order p. We see that CG(〈x〉) = 〈a〉 and 〈x〉G. Then by using
the N/C theorem we obtain that t divides p−1, which is a contradiction. Therefore, t = p.
From this it follows that |〈a〉| is odd. The proof is now complete. 
Combining Theorems 1 and 2 we obtain the following:
Corollary 5.4. Let G be a f-p-s group of automorphisms of a non-solvable Lie algebra. Let
p be the smallest prime divisor of |G|. Then
(1) G is a group of one of the types listed in Theorems 1 and 2,
(2) L/Solv(L) is a form of a direct sum of copies of the Lie algebra Ap−1, except when
p > 2, every Sylow subgroup of G is cyclic and Z(G) = 1.
As a consequence of the above corollary we obtain the structure of a finite group of
automorphisms of a three-dimensional simple Lie algebra:
Corollary 5.5. Let G be a finite group of automorphisms of a three-dimensional simple Lie
algebra L. Then G is a group of one of the following types:
(1) a cyclic group;
(2) a Frobenius group whose Frobenius kernel is cyclic of odd order and a Frobenius
complement is cyclic of order a power of 2;
(3) G = D  〈a〉 where D is a dihedral group of order 2n, n 2, |〈a〉| is odd ( possibly
one), and C〈a〉(U) = 1 for every four-subgroup U of P ;
(4) G ∼= PGL(2, r) or PSL(2, r), where r is an odd prime such that r − 1 = 2n for some
n 1.
Proof. Clearly, G is a f-p-s and I (G) = G. If LG = 0, then by Proposition 4.1(1), G is
cyclic. If LG = 0, then from Theorem 2 it follows that G is of type either (2), (3) or (4) in
this corollary. The proof is complete. 
We now apply Corollary 5.4 to obtain some information on the structure of a finite group
G of automorphisms of a semisimple Lie algebra such that G has no proper semisimple
invariant subalgebra.
Corollary 5.6. Let G  Aut(L) such that L is semisimple, G is finite and G has no
proper semisimple invariant subalgebra. Assume that LG = 0 but LT = 0 for every proper
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normal in G. Then the following holds:
(1) either K is cyclic, K ∼= Q × Cn where Q is the quaternion group, n  1, and L is a
form of a direct sum of copies of A1 or else G ∼= Cp × Cp , p prime, and L is simple
and a form of a direct sum of copies of Ap−1,
(2) either Z(G) is cyclic or G ∼= Cp ×Cp , p prime,
(3) (Borel and Mostow [3]) if G is abelian, then G ∼= Cp × Cp , p prime, and L is simple
and a form of a direct sum of copies of the Lie algebra Ap−1.
Proof. (1) As every subgroup of K is normal in K , by a known result due to Dedekind we
have that either K is abelian or K = Q×A×B where Q is the quaternion group, A is an
abelian group of odd order and B is an abelian group of exponent 1 or 2, see [8, p. 308].
On the other hand, by Lemma 2.2 we have that K is f-p-s. Assume first that I (K) = G.
Then LI(K) = 0. By using Theorem 1 we obtain that either K is cyclic or K = Q×A with
A cyclic. In the latter case, we see that L is a form of a direct sum of three-dimensional
simple Lie algebras, by Lemma 2.13. Now suppose I (K) = G. Then by using Theorem 2
we obtain that G ∼= Cp × Cp for some prime p. Moreover, since I (G) = G we have that
every simple component of L is invariant under G. By our hypothesis, it follows that L is
simple. Finally, by Proposition 3.2(1) we see that L is a form of a direct sum of copies of
Ap−1, and (1) is proved.
(2) and (3) follow from (1). 
6. Examples
In this section the ground field k is algebraically closed. Let M be a non-singular
(n + 1) × (n + 1) matrix over k. It is well-known that the rule: X → M−1XM defines
an automorphism of the simple Lie algebra An of matrices (n + 1) × (n + 1) of zero
trace, see [10, p. 282]. We will denote that automorphism by σM . Now assume in addition
that the trace of M is zero. Then M is an element of the Lie algebra An. We see that
the fixed-point subalgebra, A〈σM 〉n , of σM is just the centralizer of M in An. This yields that
dimA〈σM〉n  rankAn = n, see [4, p. 39] or [10, p. 286]. Therefore, if A〈σM 〉n is solvable then
it is a Cartan subalgebra of An (equivalently, the matrix M is a regular element of An). We
conclude that σM is f-p-s if and only if the characteristic polynomial of the matrix M has
n distinct roots, see [10, p. 66].
Example 6.1. Let σA, σB , σC be the automorphisms of the simple Lie algebra A2 defined
by the regular matrices
A =
(0 1 0
0 0 1
1 0 0
)
, B =
(1 0 0
0 ξ 0
0 0 ξ2
)
, C =
(1 0 0
0 ξ 0
0 0 1
)
,
respectively, where ξ is a primitive 3th root of unity.
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We see that every non-identity element of 〈σA,σB〉 can be defined by a matrix which
has zero trace and 3 distinct characteristic roots. So 〈σA,σB〉 is f-p-s; in agreement
with Proposition 3.2(2).
(2) The group 〈σB,σC〉 is also isomorphic to C3 × C3. However, it does have non-zero
fixed points. Indeed, its fixed-point subalgebra is the span of E1,1 −E2,2, E2,2 −E3,3,
which is a Cartan subalgebra of A2. We see that the fixed point subalgebra of σC is
the span of E1,1 − E2,2, E2,2 − E3,3, E1,3, E3,1, which is not solvable (Ei,j denotes
the matrix whose entries are zero except for in position (i, j), where the entry is 1). In
agreement with Proposition 3.2(2), we have that the group 〈σB,σC〉 is not f-p-s.
(3) It is checked that {σA,σC} = σB . Therefore the group 〈σA,σB,σC〉 has order 27 and
exponent 3, see [6, p. 203]. So, it is isomorphic to the group M(3) in Gorenstein’s
notation [6].
Example 6.2. In this example we show that any non-abelian group G of order pq (p, q
primes), is isomorphic to a f-p-s, fixed-point free group of automorphisms of a simple Lie
algebra. By Proposition 3.2(1), such a simple Lie algebra must be isomorphic to Ap−1,
provided p < q .
As G is not abelian, p = q . Say p < q . Then q − 1 is divisible by p and there exists an
integer m such that mp ≡ 1 (mod q) and m ≡ 1 (mod q). Let ξ be a primitive q th root of
unity. Let (ei) (1  i  q) be a basis of the vector space of dimension q over the ground
field k and consider the two linear maps:
α : e1 → e2 → ·· · → eq−1 → eq → e1 and β : ei → ξmi−1ei (1 i  q).
Let A and B be the matrices associated with α and β , respectively, with respect to the
basis (ei). Let σA, σB be the automorphisms of the Lie algebra Ap−1 defined by A
and B , respectively (see the paragraph at the beginning of this section). It is checked
that |〈σA〉| = p, |〈σB〉| = q and that σAσBσ−1A = σmB . So that G ∼= 〈σA,σB〉 ∼= Cp  Cq .
Also, it is checked that the fixed point subalgebra of σA is the Cartan subalgebra spanned
by A, A2, . . . ,Ap−1 and that of σB is the Cartan subalgebra spanned by Ei,i − Ei+1,i+1
(1  i  q − 1). It follows that 〈σA,σB〉 has no nonzero fixed-points and that it is f-p-s,
according to Proposition 3.2. Therefore 〈σA,σB〉 is a group of type (a) in Theorem 2(2).
Example 6.3. In this example we show that any non-abelian group G of order pq , p, q
odd primes, is isomorphic to a non-regular group of automorphisms of a semisimple Lie
algebra without proper semisimple invariant subalgebra. By Proposition 3.2(2)(b), such a
semisimple Lie algebra L must be isomorphic to a direct sum of p copies of the Lie algebra
A1, provided that p < q .
Let m be an integer such that mp ≡ 1 (mod q) and m ≡ 1 (mod q). Let Ni (1 
i  p) be a three-dimensional simple Lie algebra over the field k. Let ei , fi , hi be a
standard basis of Ni . Let L =⊕1ip Ni . Let σ be the automorphism of L defined by
eσi = ξm
i−1
ei , f
σ
i = ξ−m
i−1
fi , for 1  i  p, where ξ is a primitive q th root of unity.
Let τ be the automorphism of L defined by eτi = ei+1, f σi = fi+1, for 1  i  p − 1
and eτp = e1, f τp = f1. It is checked that τστ−1 = σm. So, the subgroup G := 〈σ, τ 〉
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L〈σ 〉 = kh1 +· · ·+ khp and L〈τ 〉 = k(e1 +· · ·+ ep)+ k(f1 +· · ·+fp)+ k(h1 +· · ·+hp).
We see that L〈σ 〉 is a Cartan subalgebra of L, while L〈τ 〉 is three-dimensional simple. Also,
we see that LG = k(h1 + · · · + hp) and that L〈τ 〉 is not invariant under G. Now let S be
a minimal semisimple G-invariant subalgebra of L. As S  L〈σ 〉 and 〈σ 〉 is the unique
proper normal subgroup of G, we see that G ∼= G˜Aut(S), being G˜ the group consisting
of the restrictions to S of the elements of G. Now, we claim that L〈τ 〉 < S. To do that,
suppose L〈τ 〉 ≮ S. Then S ∩ L〈τ 〉 < L〈τ 〉. We see that S ∩ L〈τ 〉 is reductive since it is the
fixed-point subalgebra of the restriction, τ˜ , of τ to S. As L〈τ 〉 is three-dimensional simple,
it follows that dimS ∩ L〈τ 〉 = 1. So, τ˜ is a f-p-s automorphism of S of prime order. Thus,
S∩L〈τ 〉 is a Cartan subalgebra of S (Proposition 2.3(1)(a)). So that, S is three-dimensional
simple. Thus, G˜ is f-p-s. But then, from Proposition 3.2(1)(b) it follows that p = 2. This
contradiction proves the claim. Hence, the group G˜ does have nonzero fixed points in S
and it is not f-p-s.
Example 6.4. Consider the automorphisms of the three dimensional simple Lie algebra A1
defined by the regular matrices
A =
(
ξ 0
0 ξ2
)
, B =
(
2ξ2 2
1 −2ξ
)
, C =
(
λ 1
0 1
)
,
D =
( −1 −λ−1
λ + ξ 1
)
, M =
(
ω 0
0 ω−1
)
, N =
(
0 1
1 0
)
,
where ξ , λ, ω are primitive 3, 5, 2nth roots of unity, respectively, and n  3. It is
checked that |〈σA〉| = 3, |〈σB〉| = 4, |〈σAσB〉| = 2, |〈σC〉| = 5, |〈σD〉| = 2, |〈σCσD〉| = 3,
|〈σM 〉| = n and that σNσM = σ−1M σN . Then
(1) 〈σA,σB〉 ∼= Sym4 ∼= PGL(2,3),
(2) 〈σC,σD〉 ∼= Alt5 ∼= PSL(2,5),
(3) 〈σM,σN 〉 ∼= Dn (dihedral group of order 2n).
Also it is checked that all these groups act in a fixed-point free manner, according to
Proposition 5.1. Note that 〈σM,σN 〉 is of type (3) in Corollary 5.5 when n is even, while it
is of type (2) in the same corollary when n is odd.
Example 6.5. Let Ni (i = 1,2) be the Lie algebra with basis ei , fi , hi and product given
by [ei, fi ] = hi , [hi, ei] = ei , [hi, fi ] = −fi . Let L = N1 ⊕N2. Let σ , τ , θ , ν, γ , ϕ be the
automorphisms of the Lie algebra L defined by means of
eσ1 = f2, f σ1 = e2, eσ2 = e1, f σ2 = f1; eτ1 = −e1, f τ1 = −f1, eτ2 = −e2, f τ2 = −f2;
eθ1 = e2, f θ1 = f2, eθ2 = −e1, f θ2 = −f1; eν1 = λe1, f ν1 = λ−1f1, eν2 = λ−1e2, f ν2 =
λf2, λ a primitive 3th root of unity;
e
γ
1 = ωe1, f γ1 = −ωf1, eγ2 = −ωe2, f γ2 = ωf2; eϕ1 = ωe2, f ϕ1 = −ωf2, eϕ2 = ωe1,
f
ϕ = −ωf1, ω a primitive 4-root of unity.2
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checked that στ = τσ , θ−1νθ = ν2, γ 2 = ϕ2 and γ 3ϕ = ϕγ . Then
(1) 〈σ, τ 〉 ∼= C4 × C2, I (〈σ, τ 〉) is a four-group and L〈σ,τ 〉 = 0. So, 〈σ, τ 〉 is a 2-group of
type (b) in Theorem 2(2).
(2) 〈θ, ν〉 ∼= C4 C3, Z(〈θ, ν〉) = 〈θ2〉. So, 〈θ, ν〉 is a group of type (2) in Theorem 1.
(3) 〈γ,ϕ〉 is the quaternion group.
All these groups are f-p-s. The non-cyclic groups 〈θ, ν〉 and 〈γ,ϕ〉 do have nonzero fixed
points, however I (〈θ, ν〉) and I (〈γ,ϕ〉) are cyclic; according to Propositions 3.3, 3.4.
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